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Abstract. In this paper we prove the Conlcy conjecture and the almost exis- 
tence theorem in a neighborhood of a closed nowhere coisotropic submanifold 
under certain natural assumptions on the ambient symplcctic manifold. Essen- 
tial to the proofs is a displacement principle for such submanifolds. Namely, 
we show that a topologically displaceable nowhere coisotropic submanifold is 
also displaceable by a Hamiltonian diffcomorphism, partially extending the 
well-known non-Lagrangian displacement property. 



1. Introduction and Main Results 

In this paper we study Hamiltonian dynamics in a neighborhood of a nowhere 
coisotropic submanifold. As a starting point, we establish the following displace- 
ment principle: a closed nowhere coisotropic submanifold of a symplectic manifold 
is (infinitesimally) displaceable provided that there are no topological obstructions 
to displaceability. (In general, a compact subset M of a symplectic manifold is 
said to be displaceable if it can be disjoined from itself by a Hamiltonian dif- 
fcomorphism (fiH, i.e., (Ph{M) n M — 0. Thus, by definition, a displaceable set 
is topologically displaceable.) Then we develop a new version of the theory of 
action selectors and use it, combined with the displacement principle, to prove 
two results in Hamiltonian dynamics. Namely, we prove the Conley conjecture 
(for non-negative Hamiltonians) and the almost existence theorem in a neighbor- 
hood of a closed nowhere coisotropic submanifold, under certain natural assump- 
tions on the ambient manifold. The Conley conjecture, [Co) ISZj . concerns time- 
dependent Hamiltonian systems and asserts the existence of infinitely many pe- 
riodic points for a Hamiltonian diffcomorphism. The almost existence theorem 
due to Hofer and Zehnder and to Struwe, [HZli IHZ21 [St] , asserts that almost 
all regular level sets of a proper autonomous Hamiltonian on M^" carry periodic 
orbits. A similar result has also been proved for CP", symplectic vector bun- 
dles, subcritical Stein manifolds, and certain other symplectic manifolds; see, e.g., 
[FSllGGllmniKellLlil lSc] and also the surv ey pi3] and refe rences therein. H ere, 
similarly to [CGH iFSl lUm iGGl [GlHI [GK2l [Kill we 
focus on these theorems for Hamiltonians supported in a neighborhood of a closed 
submanifold. 

We also introduce the notion of a wide symplectic manifold, which means that the 
manifold is open and admits an arbitrarily large compactly supported Hamiltonian 
without contractible fast periodic orbits. Immediate examples of such manifolds 
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include M^", cotangent bundles, Stein manifolds and twisted cotangent bundles. 
The essence of this property lies in the fact that on a wide manifold the top degree 
Floor homology is non-zero for any non-negative compactly supported Hamiltonian 
which is not identically zero. This allows us to construct an action selector for 
geometrically bounded wide manifolds and, thus, prove a version of the Conley 
conjecture. 

From now on W will always stand for a wide manifold while P will denote a 
general symplectic manifold. 

Let us now state the main results of the paper. 

1.1. Displacement Principle. Let AI be a closed connected submanifold of a 
symplectic manifold (P^",a;). We say that M is nowhere coisotropic if T^M is 
not a coisotropic subspace of T^P for any x e M. For example, a symplectic 
submanifold is nowhere coisotropic; a submanifold of middle dimension is nowhere 
coisotropic if and only if uj\m does not vanish at any point, i.e., T^M is not a 
Lagrangian subspace for any x € M . 

Our first result is the following principle which extends or complements the works 
of Laudenbach and Sikorav, [LauSi] . and of Polterovich, jPoUj . and plays a crucial 
role in the proofs of the Conley conjecture and the almost existence theorem near 
nowhere coisotropic submanifolds. 

Theorem 1.1 (Displacement Principle). Let M be a closed, connected submanifold 
of a symplectic manifold (P,lu). Assume that M is nowhere coisotropic and the 
normal bundle to M admits a non-vanishing section. Then M is infinitesimally 
displaceable, i.e., there exists a non-vanishing Hamiltonian vector field which is 
nowhere tangent to M . 

When M is of middle dimension. Theorem 11.11 was proved by Laudenbach and 
Sikorav, [LauSi] . under a less restrictive assumption that M is non-Lagrangian 
and (under the extra assumption that TM has a Lagrangian complement) by 
Polterovich, [Poll| . It has also been known for a long time that M is always 
displaceable when dim M < n. (Note that such a submanifold is automatically 
nowhere coisotropic.) Thus, Theorem 1 1.1 1 can be thought of as an extension of the 
displacement principle to submanifolds of dimension greater than n. 

In contrast with the middle-dimensional case, the condition that M is nowhere 
coisotropic cannot be replaced by the requirement that M is (somewhere) non- 
coisotropic. For a non-coisotropic submanifold can contain a Lagrangian subman- 
ifold and, in this case, M is not displaceable due to the Lagrangian intersection 
property. However, this assumption can possibly be relaxed. We will examine 
generalizations of the displacement principle elsewhere. 

Theorem II .11 is proved in Section [4.31 Let us now proceed with the applications. 

1.2. The Conley Conjecture. In its original form, the Conley conjecture asserts 
that every Hamiltonian diffeomorphism on T^" has infinitely many simple periodic 
points, [Co[ ISZj . Here "simple" means that the orbits sought are not iterated. A 
similar conjecture makes sense and is interesting for other symplectic manifolds too. 
(Observe that the example of an irrational rotation on demonstrates that the 
conjecture, as stated, fails for manifolds admitting spheres. However, the statement 
can be suitably modified to be meaningful and non-trivial for such manifolds as well; 
cf. [EYHa) .) 
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Recently, Ginzburg, |Gi5| . proved the Conley conjecture for all closed symplec- 
tically aspherical manifolds. Prior to Ginzburg's work, some particular cases of 
this conjecture were established. When the manifold is closed, the conjecture was 
proved by Salamon and Zehnder, |SZ] . under the additional assumption that the 
fixed points are weakly non-degenerate, and Hingston, (HI], established the conjec- 
ture for T^" without the non-degeneracy assumption. 

Other partial results, not necessarily for closed manifolds, were obtained under 
assumptions on the size of the Hamiltonian. Namely, the conjecture is also known to 
hold is when the support of the (time-dependent) Hamiltonian is displaceable. For 
instance, in M^" every compactly supported Hamiltonian has displaceable support, 
in which case the conjecture has been proved by Viterbo, [Vilj . and by Hofer and 
Zehnder, [HZ21IHZ3] . Admittedly this is a very restrictive assumption, especially for 
closed manifolds. Yet, this is essentially the only situation in which the conjecture 
is known to hold for open manifolds. Under the assumption that the support is 
displaceable, the conjecture was proved by Schwarz, |Scj . for closed symplectically 
aspherical manifolds and by Frauenfclder and Schlenk, [FSj . for manifolds that 
are convex at infinity. (Recall that a manifold is called convex at infinity if it is 
isomorphic at infinity to the symplectization of a compact contact manifold.) The 
question is still open for many "natural" symplectic manifolds such as cotangent 
bundles. 

We establish this conjecture for Hamiltonians supported in a neighborhood of a 
nowhere coisotropic submanifold under certain assumptions on the ambient mani- 
fold. More precisely, we prove 

Theorem 1.2. Assume that M is a closed, nowhere coisotropic submanifold of 
a symplectically aspherical manifold {W,uj). Let H be a non-zero time- dependent 
Hamiltonian, supported in a sufficiently small neighborhood of M . 

• If W is geometrically bounded and wide and H > 0, then H has sim- 
ple (contractible) periodic orbits with positive action and arbitrarily large 
period, provided that the time-one map ipn has isolated fixed points with 
positive action. 

• If W is closed, then H has simple (contractible) periodic orbits with non- 
zero action and arbitrarily large period, provided that the time-one map ipn 
has isolated fixed points with non-zero action. 

We say that W is wide if the manifold admits arbitrarily large, compactly sup- 
ported, autonomous Hamiltonians F such that all non-trivial contractible periodic 
orbits of F have periods greater than one; see Section 13.11 for a discussion of this 
concept. This condition is satisfied for all examples of open geometrically bounded 
manifolds known to us. 

When W is closed or convex, this theorem can be proved using the displacement 
principle. Theorem 11.11 a-nd the action selectors introduced in [Scj or [FS| respec- 
tively. Moreover, in these cases it suffices to assume that W is weakly-exact rather 
than symplectically aspherical. However, the constructions of the action selectors 
for closed or convex manifolds do not extend to open manifolds which are merely 
geometrically bounded. Hence, the proof of Theorem [L2] for geometrically bounded 
manifolds requires developing a new version of the theory of action selectors; see 
Section [321 

An immediate consequence of Theorem 11.21 is the following corollary. 
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Corollary 1.3. Let (W,uj) be geometrically bounded, symplectically aspherical and 
wide, and let M be a closed and nowhere coisotropic submanifold of W. Then, 
for every non-zero time-dependent Hamiltonian H > supported in a sufficiently 
small neighborhood of M , the time-one map ipn has infinitely many simple periodic 
points corresponding to contractiblc periodic orbits of H with positive action. (A 
similar statement for closed manifolds has been proved in |Sc|.) 

Remark 1.4. If W is assumed to be convex, the condition that H > can be 
removed both in Theorem 11.21 and in Corollary II. 3i provided that the orbits are 
required only to have non-zero, rather than positive, action; see jFSj . Moreover, 
in Theorem [121 the assumption that W is geometrically bounded and wide can be 
replaced by the assumption that W admits an exhaustion Wi C W2 C ... by open 
sets such that each Wk is symplcctomorphic to an open subset of a geometrically 
bounded and wide manifold, perhaps depending on k. 

1.3. The Almost Existence Theorem. Combining the displacement principle 
and the results from |Schl| . we prove the following almost existence theorem for 
periodic orbits in a neighborhood of a closed nowhere coisotropic submanifold; see 
Section 10 

Theorem 1.5. Assume that M is a closed, nowhere coisotropic submanifold of 
a symplectic manifold (P, w) which is geometrically bounded and strongly semi- 
positive. Then the almost existence theorem holds near M : there exists a sufficiently 
small neighborhood U of M in P such that for any smooth proper Hamiltonian 
H: U ^ R, the level sets H-^{c) carry contractible-in-P periodic orbits of the 
Hamiltonian flow of H for almost all c in the range of H . 

Here (P^", uj) is said to be strongly semi-positive if ci{A) > for every A £ tt2{P) 
such that uj{A) > and ci{A) > 2 — n. The condition that P is geometrically 
bounded (e.g. convex) is a way to have sufficient control of the geometry of P at 
infinity; see Section [2] for the definition and examples. 

Remark 1.6. The displacement results of jSchl] rely heavily on [LalMcli IMcDSl] . In 
Section |4] we will give a simple proof of this theorem for symplectically aspherical 
manifolds (P, lu) which are either closed or geometrically bounded and wide. 

As a particular case, Theorem 11.51 implies the almost existence of periodic orbits 
in a neighborhood of a closed symplectic submanifold, provided that P is strongly 
semi-positive and geometrically bounded. Note in this connection that almost ex- 
istence in a neighborhood of a symplectic submanifold satisfying certain additional 
hypotheses was proved by Kerman, |Ke2| . On the other hand, almost existence in 
a neighborhood of a non-Lagrangian submanifold of middle dimension was estab- 
lished by Schlenk, |Schl| . Kerman's theorem holds when the ambient manifold P 
is symplectically aspherical while Schlenk's requires P to be only strongly semi- 
positive. Furthermore, G. Lu, |Lu2] . has proved the almost existence theorem for 
neighborhoods of symplectic submanifolds in any symplectic manifold by showing 
that the contractiblc Hofer-Zchnder capacity of such a neighborhood is finite using 
a deep and difficult result due to Liu and Tian, [LTj . 

The almost existence theorem is closely related to the existence problem for 
periodic orbits of a charged particle in a magnetic field, also known as the magnetic 
problem, and to the generalized Moser-Weinstein theorem; see jGil| IGG|, IGKH 
IGK2| [Kel| IMo| . To be more precise, let M be a closed Riemannian manifold and 
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let r] he a closed two- form (magnetic field) on M. Equip T*M with the twisted 
symplectic structure uj ^ luq + tt*?], where o^o is the standard symplectic form on 
T*M and tt: T*M M is the natural projection. It is known that (T*M, w), 
a twisted cotangent bundle, is geometrically bounded for any ry; see |AL1 ICGKl 
ILulj . Finally, let H be the standard kinetic energy Hamiltonian on T*M. The 
Hamiltonian flow of H on W, called a twisted geodesic flow, is of interest because 
it describes, for example, the motion of a charge on M in the magnetic field rj. 

In this setting, as a particular case of Theorem 11.51 we obtain the existence of 
contractible twisted geodesies on almost all low energy levels, provided that the 
magnetic field is nowhere zero - a result complementing numerous other theorems 
on the ex istence of twiste d geodesies; see, e.g., [CGKl IGITI iGCTl iGKll [GK2l iKeTl 
IKe2| ILuH fMact IPol2| ISchlj . Note that the assumption that 77 is nowhere zero ensures 
that M is nowhere coisotropic. 

1.4. Organization of the paper. In Section[5]we set the conventions and notation 
and recall relevant results concerning filtered Floer homology and homotopy maps. 
The goal of Section [3] is two-fold. We first introduce and discuss the notion of a 
wide symplectic manifold. Then we construct an action selector for wide manifolds 
which are geometrically bounded and symplectically aspherical. Here we also state 
and prove the properties of this selector. In Section 5] we prove the main results of 
this paper. 

Acknowledgments. The author is deeply grateful to Viktor Ginzburg for many 
useful discussions and his numerous valuable remarks and suggestions. The author 
also thanks to Yasha Eliashberg, Sam Lisi, Dusa McDuff, Leonid Polterovich, Tony 
Rieser, and Aleksey Zinger for helpful discussions and their suggestions. Most of this 
work has been completed during author's stay at Stony Brook Math Department; 
she would like to thank the department for its warm hospitality. 

2. Preliminaries 

In this section we set up our conventions and notation and recall the definition 
of Floer homology. Here we also define the filtered Floer homology and examine its 
dependence on the homotopy of Hamiltonians to the extent needed in this paper. 

We will assume that the manifold P is open, for our proofs will exclusively focus 
on the case of open manifolds. 

2.1. Floer homology. Let {P,(^) be an open symplectic manifold. In order for 
the Floer homology to be defined, we need to impose some additional conditions on 
the manifold. To this end, we will always assume that P is geometrically bounded. 
This assumption gives us sufficient control of the geometry of P at infinity which 
is necessary in the case of open manifolds. Examples of such manifolds include 
symplectic manifolds that are convex at infinity (e.g. compact symplectic manifolds, 
M^", cotangent bundles) as well as twisted cotangent bundles, which, in general, 
fail to be convex at infinity. For the sake of completeness we recall the definition. 

Definition 2.1. A symplectic manifold (i^, tj) is said to be geometrically bounded 
if P admits an almost complex structure J and a complete Riemannian metric g 
such that 

• J is uniformly tj-tame, i.e., for some positive constants ci and C2 we have 
ujiX,JX)>ci\\Xf and |a;(X, r)| < C2||X|1 |ly|| 
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for all tangent vectors X and Y to P; 
• the sectional curvature of (P, g) is bounded from above and the injectivity 
radius of (P, g) is bounded away from zero. 

We refer the reader to [AH ICGK| ILul| for a discussion of geometrically bounded 
manifolds. In particular, though we have not yet recalled the definition of Floer 
homology, let us note that the compactness theorem for the moduli spaces of Floer's 
trajectories for open geometrically bounded manifolds holds; this is a consequence 
of Sikorav's version of the Gromov compactness theorem; see |ALj . 

Furthermore, assume that {P,oj) is symplectically aspherical, i.e., 

'^U2(P) = and ci(TP)|^2(p) = 0. 

We will indicate when P need not be symplectically aspherical, as is the case in 
Theorem O 

Among manifolds which are symplectically aspherical and geometrically bounded 
are R^", symplectic tori, cotangent bundles and twisted cotangent bundles when 
the form on the base is weakly exact. Under these hypotheses, the filtered Z-graded 
Floer homology of a compactly supported Hamiltonian on P is defined as follows. 

Recall that for a time-dependent Hamiltonian H: x P ^ R, the action func- 
tional on the space of smooth contractible loops AP is defined as 

A„{x) = -[ x*uj+ [ H{t,x)dt, (2.1) 

where x : 5'^ ^ P is a contractible loop and x : — > P is a map of a disk, bounded 
by X, and 5*^ = R/Z. Since P is symplectically aspherical Ah{x) is well-defined. 
The Hamiltonian vector field Xh is defined by the equation ixn^ = —dH. Let 
(fi^jj denote the time-dependent flow of Xh and, in particular, ipn = denote the 
time-one flow. 

By the least action principle, the critical points of Ah are exactly contractible 
one-periodic orbits of the Hamiltonian flow of H . We denote by Vh the collection 
of such orbits and let p^'''^ c Vh stand for the collection of orbits with action in 
the interval (a, b). The action spectrum S{H) of H is the set of critical values of 
Ah- In other words, S{H) = {Ah{x) \ x G Vh}- This is a zero measure set; see, 
e.g., [HZaEil. 

Throughout this paper we will assume that H is compactly supported and set 
supp/? = Utesi suppiJt. In this case, S{H) is closed and hence nowhere dense. 

Let J = Jt be a time-dependent almost complex structure on P. A Floer anti- 
gradient trajectory u is a map u: R x 5^ ^ P satisfying the equation 

^ + J,{u)^^-yHtiu). (2.2) 
OS at 

Here the gradient is taken with respect to the time-dependent Riemannian metric 
a;(-, Jf). Denote by u{s) the curve m(s, •) £ AP. 
The energy of u is defined as 

2 



E{u)^ 





du 


2 nOO p 




ds 


ds^ / / 


/ — oo 





dtds- (2.3) 



We say that u is asymptotic to x^ £ Vh as s — > ±cx), or connecting x and x^, if 
lim^-^ioo '"(s) = x^ in AP. In this case 

Ah{x-)- Ah{x+)^E{u). 
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We denote the space of Floer trajectories connecting x~ and a;+, with the topology 
of uniform C°°-convergence on compact sets, by M.h{x~ , J). This space carries 
a natural M-action (t • s) = u{t, s + t) and we denote by Mh{x~ ^ , J) the 
quotient A1/f (x^, a:;^, J)/R. 

Recall that x G Vh is said to be non-degenerate if dipn- T^(^o)P ^ Ta-joj-P 
does not have one as an eigenvalue. In this case, the so-called Conley-Zehndcr 
index Hczix) G Z is defined; see, e.g., }Sa| ISZj . Here we normalize ^cz so that 
fJ-cz (x) = n when x is a non-degenerate maximum of an autonomous Hamiltonian 
with a small Hessian. Assume that all periodic orbits with actions in the interval 
[Ah{x'^), Ah{x~)\, including x^, are non-degenerate. Then, for a generic J, suit- 
able transversality conditions are satisfied and M.h{x~ ,x^ , J) is a smooth manifold 
of dimension i-icz{x~) — iJ.cz{x^); see, e.g., |FH| ISZ| and references therein. 

2.2. Filtered Floer homology. In this section we briefly outline the construction 
of filtered Floer homology following closely [Gl]; see also [BPSl [CGKl [FHl [GGl ISc) . 

Throughout the discussion of the filtered Floer homology HF^°'^''(P), we assume 
that all intervals are in the positive range of actions, i.e., a > for any interval (a, b). 
This condition is clearly necessary, for H is assumed to be compactly supported 
and thus it always has trivial degenerate periodic orbits if P is open. 

2.2.1. Filtered Floer homology: definitions. Let be a compactly supported Hamil- 
tonian on an open symplectic manifold P which is symplectically aspherical and 
geometrically bounded. Assume that all contractible one-periodic orbits of H with 
positive action are non-degenerate. This is a generic condition. Consider an interval 
(o, b), with a > 0, such that a and b are outside S{H). Then the collection 'p'j^'''^ 
is finite. Assume furthermore that J is regular, i.e., the necessary transversality 
conditions are satisfied for moduli spaces of Floer trajectories connecting orbits 
from v'^'^^ This is again a generic property as can be readily seen by applying 
the argument from [FH l [FHS| ISZ] . 

Let Cf[.°' be the vector space over Z2 generated hy x €z 'P^' '''' with 
fJ-czix) — k. Define 

by 

9x = Y^ #{Mh{x, y, J)) ■ y, 

V 

where the summation extends over all y G p^ ''^ with Hcziu) = l^cz{x) — 1 and 
#{^MH{x,y, J)) is the number of points, modulo 2, in MH{x,y, J). (Recall that 
in this case AiH{x,y,J) is a finite set by the compactness theorem.) Then, as 
is well known, = 0. The resulting complex CF*-"' ) is the filtered Floer 
complex for (a, b). Its homology HF^"'^^(7?) is called the filtered Floer homology. 
This is essentially the standard definition of Floer homology with critical points 
having action outside (a, b) being ignored. In gencr al, HF*"' (H) depends on the 
Hamiltonian H, but not on J; see, e.g., jGi4] . 

Remark 2.2. It is clear that the same construction, with suitable modifications, 
works for closed manifolds. In this case, HF(i7) = HF(-°°'°°)(iJ) is the ordinary 
Floer homology. Moreover, RF^.{H) = H^+n{P; Z2). 
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Let a < b < c. Assume that all of the above assumptions arc satisfied for all 
three intervals (a, c) and (a, b) and {b, c). Then clearly CF^°' (i?) is a subcomplex 
of CF^'^'^^H), and CF^''-''\H) is naturally isomorphic to the quotient complex 
CF^^'^^iH)/ CF^°-'''\H). As a result, we have the long exact sequence 

. . . ^ HF''^' (H) ^ RF'^"' (H) ^ hp'''' ^ . . . . (2.4) 

In the construction of the action selector for open manifolds given in Section r3.2.11 
we will work with filtered Floer homology for the interval (0, b) even though is 
necessarily a critical value of the action functional. This homology is defined as 

HF(0''')(iJ) = lim HF(^^'')(i7), (2.5) 

where the inverse limit is taken with respect to the quotient maps and e 0+ in 
the complement of S{H). (It is clear that this definition is equivalent to the original 
one when P is closed and is not in S{H).) 

2.2.2. Homotopy. Let us now examine the dependence of HF*''' (iJ) on H. Con- 
sider a homotopy H'^ of Hamiltonians from to H^. By definition, this is a family 
of Hamiltonians parametrized by s £ R, and such that = when s is large 
negative and H" = when s is large positive. Furthermore, let be a family of 
t-dcpendent almost complex structures such that again J*' = J*^ when s ^ and 
J'' = when s ^ 0. (We will most of the time suppress J" in the notation and 
refer to as the homotopy.) 

For X G and y € •pj^^i' ''i) denote by A4h= (a;, y, J*) the space of solutions 

of (1121) with H = H'' and J = J". 

The regularity property takes the following form for open manifolds: {H^ , J'^) 
is said to be regular if the transversality requirements are met along all homotopy 
trajectories connecting periodic orbits with positive action. This is a generic prop- 
erty as can be seen by arguing as in [FHI IFHS| ISZ]. (When P is closed, regularity 
of a homotopy (i/'*, J^) is understood in the standard sense, i.e., the standard 
transversality requirements are met by the homotopy {H^, J'^); see |FHllFHSllSZ| .) 

When the transversality conditions are satisfied, j\4h= {x, y, J'') is a smooth man- 
ifold of dimension fJ.cz{x) — fJ-cziy)- In particular, A4h' (x, y, J'*) is a finite set when 
fJ-czix) = ficziy)- Define the homotopy map 

: CF(""^^«)(i7°) ^ CF("^'''i^(iJi) 

by 

^HOH^ (x) = H^Hs {x, y, .r)) ■ y. 

V 

Here the summation is over all orbits y G p^j^'*"^^ with ^cz(y) = P^cz{x) and 
i^[A4H={x,y, J^)) is the number of points, modulo 2, in this moduli space. 

The map "^/hoh^ depends on the entire homotopy (/?'', J^) and in general is 
not a map of complexes. However, j^ojji becomes a homomorphism of complexes 
when (ao, bo) = (ai, bi) and the homotopy is monotone decreasing, i.e., dgH'^ < 
point-wise. Moreover, the induced map in homology is then independent of the 
homotopy, within the class of decreasing homotopies, and commutes with the maps 
from the exact sequence (|2.4p . (The reader is referred to, e.g., |BPS|. ICGKl IFH) 
[Sa llSZ|, [Sc llVi2| . for the proofs of these facts for both open and closed manifolds.) 
There are other instances when the same is true. In particular, this is the case when 
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the location of the intervals (ao, bo) and (ai, bi) is compatible with the growth of 
the Hamiltonians in the homotopy, as streamlined by the following theorem from 
[Gi4| : see also [Sc]. (This theorem holds for both open and closed manifolds.) 

Theorem 2.3 f |Gi4j ). Let iJ* be a homotopy such that 

/ / ma.x ds H f dtds < C, 

where C G M. Then 

is a homomorphism of complexes for any interval (a, 6). Hence, uofji induces a 
map in Floer homology, also denoted by ^/j^of^i. This map sends the exact sequence 
(j2.4p forH^ and (a, b, c) to the exact sequence (12. 4p for and (a+C, 6+C, c+C), 
i.e., on the level of homology "^h°h^ commutes with all maps in the long exact 
sequence (|2.4p . 



3. Action selectors in wide manifolds 

The proof of Theorem 11.21 relies on the theory of action selectors, which is one 
of the standard approaches to the problem, |FS|. IHZ3|. IScj IVilj . This theory is 
well developed for weakly-exact closed or convex manifolds; see, e.g., jFGS( iFSj ISc] 
and also |0h| for the theory in a more general setting. The main ingredient in 
these constructions of an action selector is an identification between Floer homol- 
ogy spaces for different Hamiltonians. For example, for symplectically aspherical 
closed or convex manifolds, the Floer homology of any Hamiltonian is isomorphic 
to the homology of the manifold. Then an action selector can be associated to 
any homology class. However, these constructions do not generalize to the case 
of open manifolds which are merely geometrically bounded. The main obstacle is 
that the Floer homology for Hamiltonians on such manifolds is no longer an in- 
variant, i.e., it depends on the Hamiltonian. For the homology can be defined only 
for action intervals that do not contain zero and hence, in contrast with the case 
of closed or convex manifolds, there is, in general, no relation between the Floer 
homology for different Hamiltonians. Nevertheless, to construct an action selec- 
tor it suffices to have a class in the Floer homology of a Hamiltonian, which is in 
some sense canonical, even though the homology group it belongs to depends on 
the Hamiltonian. In this section we construct an action selector for geometrically 
bounded wide manifolds. The homology class for which the selector is defined is es- 
sentially the fundamental class of the manifold modulo infinity. Then this selector, 
for non- negative Hamiltonians, has properties similar to those of action selectors 
constructed in |FS[ [Sc] . 

3.1. Wide manifolds. Let us now introduce and discuss the notion of a wide 
symplectic manifold. 

Definition 3.1. A symplectic manifold {W,uj) is said to be wide if it is open and 
if for every constant C > and for every compact subset X C W, there exists a 
function K : W ^ [0, oo) such that 

(Wl) K is compactly supported; 
(W2) K\x > C- 
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(W3) the Hamiltonian flow of K has no non-trivial contractible fast periodic 
orbits. 

We call a non-trivial orbit fast if its period is less than or equal to one. Otherwise 
an orbit will be called slow. 

Remark 3.2. The condition (W2) can be replaced by the condition (W2') : max K = 
K\x = C. For, as explained in |GG[ IHZ3] . one can cut off a function meeting the 
requirement (W2) without creating new fast periodic orbits and produce another 
function satisfying the condition (W2'). 

Examples of wide manifolds include cotangent bundles and Stein manifolds, or 
more generally symplectic manifolds that are convex at infinity. More importantly, 
twisted cotangent bundles, which are geometrically bounded but, in general, fail to 
be convex at infinity, are wide. Non-compact covering spaces of compact manifolds 
are also examples of wide manifolds, |Gi2| . Furthermore, the product of two wide 
manifolds is wide and so is the product of a compact and a wide manifold. On the 
other hand, a manifold with finite contractible Hofer-Zehnder capacity cannot be 
wide, as easily follows from Definition 13. II see, e.g.. Section [4!2l for the definition of 
this capacity. 

Remark 3.3. Wideness, although indispensable for our construction, appears to be 
a rather mild assumption: the author is not aware of any example of an open geo- 
metrically bounded manifold which is not wide. It is not yet clear, however, whether 
every open geometrically bounded manifold is wide. The relation between geomet- 
rical boundedness and the concept of wideness is interesting but quite complicated, 
and we will address this question elsewhere. 

The property of wideness can also be viewed in terms of the restricted relative 
Hofer-Zehnder capacity introduced in |GG] or as the property of a manifold to 
admit a slow proper function. Namely, we have 

Proposition 3.4. Let (W, uj) be a symplectic manifold. Then the following state- 
ments are equivalent. 

(i) (VF, Lo) is wide. 

(ii) Chz(W,X) = oo for every compact subset X C W, where chz(VF, X) is 
the restricted ( or contractible ) relative Hofer-Zehnder capacity introduced 
in [GG] . 

(iii) {W, uj) admits a non-negative proper function without non-trivial contractible 
fast periodic orbits. 

We omit the proof of Proposition [Bill for it is essentially straightforward and we 
will mainly be using Definition 13. II 

Remark 3.5. One could also replace the condition (W3) in Definition 13.11 bv the 
one that the Hamiltonian flow of K has no non-trivial fast periodic orbits, hence 
dropping the requirement that the orbits be contractible. However, this would be 
a more restrictive requirement on W; for instance, a cylinder of finite area, which 
is wide according to Definition 13.11 would then fail to be wide. 

Let us now turn to constructing an action selector for geometrically bounded 
wide manifolds. 
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3.2. An action selector for wide manifolds. We assume that (W^^",(jj) is a 
symplectically aspherical, geometrically bounded and wide manifold. We will con- 
struct an action selector for non-negative compactly supported Hamiltonians on W. 

3.2.1. The definition. Let H : 5^ x 14^ — > R be a compactly supported Hamiltonian 
such that H > 0. It is easy to see that, since W is wide, there exists a smooth 
compactly supported function F : W ^ [0, oo) without non-trivial contractible fast 
periodic orbits and such that F > H point-wise. (This is essentially the definition 
of a wide manifold.) Without loss of generality we may assume that supp(_F) is a 
smooth connected manifold with boundary and that is a Morse function with 
finitely many critical points when restricted to the interior of the support. (These 
requirements are generic.) From now on we will call such functions wide and we 
will reserve the notation F for them. 
Under these assumptions, 

Hf(0'°°)(F) = KMf^^\F), (3.1) 

where HM(°'°°)(F) and HF1°'°°)(F) denote, respectively, the (filtered) Morse and 
Floer homology of F for the interval (0, oo). 

For the sake of completeness, let us explain first why this isomorphism holds. 
Intuitively, this is obvious. For F has no non-trivial contractible one-periodic orbits 
by definition and, hence, Floer and Morse complexes are the same as vector spaces. 
Note, however, that the two differentials may be different. We, nevertheless, claim 
that the resulting homology groups are isomorphic. 

To this end, let e > be small enough so that eF is C^-small. Recall that for C^- 
small functions, when W is symplectically aspherical, Morse and Floer homology 
groups are isomorphic. Then 

HF^°°)(e^^)-HMl%r^(eF). 

Consider a monotone decreasing homotopy Fg, for s e [0, 1], from F to cF. Choose 
5 > such that it is below any critical values of eF. As a result, action values for 
Fg for all s S [0, 1] are greater than (5 > 0. By the homotopy invariance of Floer 
homology, we then have the isomorphism 

Hf(*-°°)(F) ^ llFi^^^\Fs) for all s e [0, 1]. 

Also note that HFI"' (F^) = HFI*' (F^) for all s e [0, 1] since zero is an isolated 
critical value and 6 is smaller than any critical value of Fg. 
Finally, we have 

Hf10'-)(^^) - HF(°'°°)(eF) - Hm1°;:°) (ei^) - RM^°_i:^\f). 

Remark 3.6. Observe that IIM^'^^''(F) is just the ordinary homology of supp(i^) 
modulo its boundary, i.e., HM^'^^^(F) = iJ,+,j(supp F, 9(supp F); Z2). 

Let us now turn to the definition of the action selector. Since supp(F) is con- 
nected, equation (|3.ip . in particular, implies that 

jjp(o,oo)(^^ ^ HM(°'°°^(F) = Z2. 

Denote by [max^?] the generator of RF^J^'°°\F) = Z2, which can be thought of as 
the fundamental class. Consider the image of this class under the monotonicity 
map 

HFi°'°°'(F) ^HF^°°n^f), 
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induced by a monotone decreasing homotopy from F to H. (This map is indepen- 
dent of the choice of the homotopy, as discussed in Section [21 ) Using the homotopy 
invariance of the Floer homology it is not hard to show that pH[maxF] is inde- 
pendent of the choice of F; denote this class by [max]. 

Definition 3.7. The action selector is defined as 

aiH) = inf {a > I jf [max] = 0}, 

where 

: HFiO--)(i/)^HF(^°°)(i?), 
is induced by the quotient map. 

Remark 3.8. Note that this definition makes sense for arbitrary Hamiltonians, i.e., 
we need not assume that H is non-negative. However, it is not clear whether a 
would then have the properties (AS0)-(AS6) listed below, which are crucial for 
applications. Also, when W is convex, this selector is equal to the one constructed 
in [FS] . 

3.2.2. Properties of the action selector. Let S{H) denote the action spectrum of 
H and let Ham^(M^) denote the cone in the group of compactly supported Hamil- 
tonian diffeomorphisms of W generated by non-negative Hamiltonians. The action 
selector a: Ham^(M^) — > [0, oo) constructed above has the following properties: 

(ASO) cr(ff) is a spectral value: a{H) e S{H)- 

(ASl) a{H) is monotone: if < H < A" then < a{H) < a{K); 

(AS2) (7{H) is non-degenerate: < a{H) < cx) if H ^ 0; 

(AS3) cr(-ff ) is continuous in H with respect to the Hofcr norm, and, in particular, 
it is C'^-continuous; 

(AS4) a-{H) < max Htdt — \\H\\, where || ■ || denotes the Hofer norm; 

(AS5) if H is autonomous and has no non-trivial contractible fast periodic orbits, 
then (7{H) = max 77; 

(AS6) if H and K generate the same time-one flow and (/s^f and are homotopic 
(with fixed end points) in Ham^(14^), then a{H) = a{K); 

(AS7) cr{H) < ev for any H supported in F C W, where ey denotes the displace- 
ment energy of V . Thus, o'{H) is a priori bounded from above by ey < 00 
if V is displaceable. 

3.2.3. Proofs of the properties of the selector. We will prove these properties in 
varying degree of detail; some proofs are very similar to those for the selectors 
constructed in |FS[ISc| . whereas some proofs require modifications. We will mainly 
focus on the new parts and refer to the literature for the standard ones. 

(ASO) First recall that S{H) is compact and nowhere dense. 

Assume the contrary: cr(_ff) ^ S{H). Then, since S{H) is compact, for a small 
enough number S > we have [cr(i7) — S, a{H) + 5]C\ S{H) = 0. Hence, by the 
definition of the selector, there exists a number a with <y{H) < a < (y{H) + 5 such 
that j^[max] = 0. 

Let c be such that (t{H) — 5 < c < (t{H). Then we have the isomorphism 
HF(f'°°)(H) ^ }iFi^^°°\H), 
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since there are no critical values of Ah in [c, a] , and the diagram 




jjp(a, oo) ^jj^ E ^ jjp(c, oo) 

commutes. Thus j^[max] = 0. This contradicts the definition of <j{H). We 
conclude that a{H) eS{H). 

(ASl) Let K > H > and let be a wide function such that F > K > H. 
Monotonicity is a consequence of the commutativity of the following diagram: 

jjp(0, oo) jjp(0, oo) ^jj^ jjp(a, oo) 



HpiO. oo) jjp(a, oo) 

(AS2) Finitcncss of the selector follows from the compactness of S{H), for 
HF^"'°°)(iJ) = for any a > sup S{H). 

Proving the non-degeneracy, i.e., cr{H) > for any iJ ^ 0, requires more work. 
First observe that we can find a C^-small space-time bump function / ^ such 
that < / < i7 for alH G S*^. This is simply because H > and H ^ for some 
t. Hence, by the monotonicity of the selector, it suffices to show that a{f) > 0. 

More precisely, let f{t,x) = fs^{t) ■ fw{x): S*^ x — > [0, oo) be a space-time 
bump function satisfying < / < iJ for all t & . Here fw{x): W [0, oo) 
and /si [t) : [0, oo) are both bump functions in the usual sense, and fw is 

autonomous and C^-small. The time-one flow of / differs from the time-one flow 
of /„, only by a positive factor equal to the integral of /si over the circle. Let us 
assume, for the sake of simplicity, that J^^ /si(^) dt = I. This can be achieved by 
choosing /,i, sufficiently small so that / still fits underneath H. Then the action 
spectra of / and /»- are the same. 

We claim that HF1'''^)(/) ^ HFI''' ''^ (/„,-) for aU positive intervals of action 
(a, b) C (0, oo) such that a and b are not in S{f) ~ S{f„). To see this, let 
Ks = sfw + (1 — s)f be the linear homotopy from / to /„- for s G [0, 1]. It is easy 
to see that all Hamiltonians in this homotopy have the same time-one flow as that 
of fw and, hence, the only critical points of An^ are constant one-periodic orbits, 
i.e., the critical points of /„-. Thus the action spectrum S{Ks) for any s consists of 
two action values: zero and max/v^. This implies that for a, b ^ S{Ks) no periodic 
orbit with action outside the range (a, 6) will enter or exit this interval during the 
course of the homotopy. In this case the Flocr homology groups arc isomorphic 
for aU K,; see, e.g., [BPSl iGll IVi2] . In particular, HFI"' *>)(/) ^ HF^"' (/,^). 
(Note that this isomorphism is not induced by the homotopy map since Ks is not 
a monotone homotopy.) 

We next show that a{fw) = max/„, > 0. To this end, let F be a wide function 
satisfying F>U and recaU that HF1"'°°)(F) = Hm1°+;^^(F). Moreover, since /»- 
is a C^-small bump function, Morse and Floor homology groups are isomorphic: 
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HF1°'°°)(/„,) ^ HM:,",:,^' (/„,)■ Then the diagram 



r(0, oo 



■HM 



(o,oo; 

2n 



TTp(0,Oo) 



HF 



(a, 00) 



HM 



(0, 00) 



2n 



■HM 



(a, 00) 
2ti 



(/«■ 



is commutative. This can easily be seen by factoring the horizontal isomorphisms 
through isomorphisms induced by monotone homotopies and using the fact that all 
such diagrams commute when the functions involved are C^-small. 

Let us focus on the right-hand side of the diagram. By Morse theory, the map 



Z2 =HM^°;°°'(F) 



HM 



(0, 00) 



(/u-)=Z2 



is non-zero, and sends [maxi?] to [max/j;j,]. Moreover, j^*' [max/,^ ] = [max/i,,] for 
any positive a < max fn, and j^"' [max y,,, ] = for any a > max /„- . Commutativity 
of the diagram then implies that cr(/,,,-) = max/„, > 0. 

As the last step observe that o'(/) = (j{fw) = max/,,- > 0, which finishes the 
proof of non-degeneracy. To see this, note that the diagram 



HF 



(0,00) 



■HF 



(0, 00) 



(/)■ 



HF 



{a, 00) 



(/) 



hf("'°°) (/„.-) 



HF, 



(a, 00) 



is also commutative, where is a wide function satisfying F > f and F > f„. 

Remark 3.9. An important consequence of non-degeneracy of a is that HF^°' (H) ^ 
for any non-negative Hamiltonian H 0. To see this, note that the non-zero 
map HF(,°'°°)(F) HF^°'°°'(/„-) can be factored through UF^"^°°'> (H), where F 
and are as in the proof above. This fact is used in |Gi4| . 

(ASS) Recall that this property asserts the continuity of the selector with respect 
to the Hofcr norm. Namely, we claim that 

\(j(H) — (j(K)\ < \\H — K\\ for non-negative H and K. 

Note first that it suffices to prove continuity for non-degenerate Hamiltonians. 
Since we are assuming that W is open, this means that all one-periodic orbits with 
positive action are non-degenerate. 

Keeping the notation from Section [2. 2. 2) let K = and H = H^, and consider 
a linear homotopy from H'^ to H^, i.e., = (1 — <f>{s))H'^ + (j>{s)H^, where 
0: R — > [0, 1] is a smooth monotone increasing function equal to zero near —00 and 
equal to one near 00. Then, 



/ / ma.xdsHfdtds= [ max(H} - H°) 
J-ooJs- w ' ' Js^ w ' 



dt. 
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Let, as customary, e+ = e*{H^ — H^) = /^i maxvi/ {H^~H^) dt. (Recall that \\H\\ = 
e^{H) — e^{H), where e^{H) = J^^ minw Ht dt.) Hence, by Theorem I2.3[ for a ^ 
S{H''), we have the monotonicity maps '^h^h^ for two intervals: HF^"' ""'(iJ") 
jjp(a+e+,oc.)(^i^ and HFl°'°°'(i70) RFI''* ^ °°\H^) . Now the diagram 



Hf(o, oo) (_^o ) jjF(f + ^ (if 1 ) 



where F is a wide function satisfying F > and F > H^, is commutative; see 
jGi4| . Here the vertical maps on the right-hand side of the diagram are just the 
maps induced by taking quotient complexes, and their composition is the map 
•?a+e+ • Consequently, we have 

a{H^) < a{H^) + e+ = a{H") + e+{H^ - H"). 

Moreover, exchanging the roles of and we get 

a{H°) < a{H^) + e+(ij" - H^) = a{H^) - er {H^ - H°). 

Thus, we have 

e-iH^ - H") < a{H^) - a{H^) < e+{H^ - H"). 

C^-continuity of the selector follows immediately. In order to prove the continuity 
in Hofcr's norm, note first that e+(iJ) > and e^{H) < for any compactly 
supported Hamiltonian H. (This is also true for any Hamiltonian on a closed 
manifold.) Consequently, we have 



< 






< 






< 






< 


e+(i?i 





(ifi-ffO), 
and hence 

\a{H^) - a{H°)\ < e^{H^ - ff") - e-{H^ - H") = \\H^ - H"\\. 

This finishes the proof of continuity. 

(AS4) The assertion readily follows from (ASS). 

(ASS) We refer the reader to |Gi3[ Lemma 3.5] for a proof of the property that 
cr{H) = maxiJ for an autonomous Hamiltonian H without non- trivial contractible 
fast periodic orbits. The proof in [Gi3| is set theoretic in nature and works in any 
setting where the selector has the properties (ASO), (ASl), (AS3) and the claimed 
property holds for autonomous C^-small functions. (See the proof of (AS2) above 
for the fact that (t{H) = max if when if is a C^-small autonomous function having 
no non-trivial contractible fast periodic orbits.) 

(AS6) It is well-known that the action spectrum of a compactly supported Hamil- 
tonian on an open symplectically symplectically aspherical manifold depends only 
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on the time-one flow; see, e.g., jFS| IHZ3| . Thus, if H and K generate the same 
time-one flow and ip*^^ and are homotopic (with fixed end points) in Ham^(Vl^), 
then the action spectrum stays the same throughout the homotopy. On the other 
hand, due to (ASS), a varies continuously in the course of the homotopy. As the 
action spectrum is nowhere dense, a must be constant. 

(AS7) It is a standard fact that an action selector defined on a displaceable 
domain in a closed or convex manifold is a priori bounded from above. However, the 
proofs existing in literature rely on the sub-additivity of the action selector and the 
fact that the selectors are defined for all Hamiltonians (in particular, not necessarily 
non-negative Hamiltonians). Hence, these arguments do not apply to the action 
selector introduced here for wide manifolds, and, for the sake of completeness, we 
provide a proof of (AS7). 

Assume that V C W is open and displaceable, and denote by ey the displace- 
ment energy of V; see, e.g., [HZ3l ISchll [Pol2] . Let H : x V ^ [0, oo) be a 
compactly supported Hamiltonian whose support is contained in V. Let K he a 
compactly supported Hamiltonian such that ipn displaces V. Moreover, without 
loss of generality, we may assume that K > 0. For, otherwise, we first shift K 
up so that minii' = and then cut it off away from its original support. The 
new function is non-negative, still displaces V and has the same Hofer norm as the 
original function. 

Recall that, in general, for any two Hamiltonians H and K generating the time- 
one fiows ipH and ipK , the Hamiltonian generating the composition fiow ipn 
is given by H^K = H(t,x) + K{t, {f^u) "^{x)). Since i^T > and the selector is 
monotone, we then have 

a{H) < a{H#K). (3.2) 

Since ipx displaces supp H , one-periodic orbits of ip\j Lp\ are exactly the one- 
periodic orbits of (^^. In fact, we claim that S{H^K) = S{K). Observe that 
this assertion immediately follows from 

where * denotes the concatenation of (/J^ and </j^ lpk ■ Here the concatenation 
a(t) * h{t) of paths a{t) and b{t) with domain [0, 1] is defined by traversing a(2t) 
for < t < 1/2 and then traversing h{2t - 1) for 1/2 < t < 1. 

The first identity above is due to the fact that (/?^ and (/s^ * {(p*u ipx) are 
homotopic with fixed end points. (It is straightforward to write a specific formula 
for this homotopy.) The second identity is specific to our situation. Namely, ob- 
serve that one-periodic orbits of the concatenation cannot be in supp , essentially 
since Lpx displaces this support. But when a point is outside supp 7?, the fiow 
(p\j is identity and, hence, such a point can correspond to a one-periodic orbit of 
the concatenation only if it is fixed by lpk- Therefore, one-periodic orbits of the 
concatenation are just reparametrizations of one-periodic orbits of (^^. As a result, 
actions acquired in both cases are the same. This proves the second identity. 

We now have S{H^K) ~ S{K). The same, of course, holds when H is replaced 
by XH where A E [0, oo), i.e., S{XH^K) = S{K) for any non-negative A. But a 
is continuous and the action spectrum is nowhere dense. Therefore, we conclude 
from a{XH#K) S S{XH#K) = S{K) that a{XH4I^K) is independent of A. Setting 
A = and A = 1 yields (t{K) ^ a{H^K). Thus, also using (|3.2p and property 
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(AS4), we have 

cr(iJ) < cr{H#K) = a{K) < \\K\\. 
Finally, ey = sup^ Hence, the selector is a priori bounded from above by 

ev, which is finite when V is displaceable. 

4. Proofs 

In this section we prove the main results of this paper. 

4.1. The Conley Conjecture. Wc will focus on the case W is open. For closed 
manifolds. Theorem 11.21 follows from Theorem II. II and the results from [Sc] . 

In what follows we denote by the positive part of the action spectrum of 

a Hamiltonian. Theorem 11.21 is a consequence of the following proposition. 

Proposition 4.1. Let V he an open displaceable subset of a symplectically as- 
pherical manifold {W, to) which is geometrically bounded and wide. Let G > be a 
non-zero Hamiltonian supported in V . Then, ipQ has infinitely many periodic points 
with positive action, corresponding to contractible periodic orbits of G. Moreover, 
assume that S~^{G) is separated from zero, i.e., infiS''"(G) > 0. Then, there exists 
a sequence of integer periods oo such that for every Tk, the Hamiltonian G 

has such a periodic orbit with minimal period . 

Let us first derive the proof of Theorem 11.21 from Proposition [4T] 

Proof of Theorem[rE Consider M x C W x T*S^, where T*S^ is equipped 
with the standard symplectic structure, also referred to as the "stabilization" of 
M, [Maci [Poll] . Note that M x is again nowhere coisotropic and, moreover, the 
normal bundle to M x S*^ admits a non-vanishing section. Theorem 11.11 now implies 
that a small neighborhood V = U x {S^ x (-e, e)) C W x T*S^ of the product 
M X iS*^ is infinitesimally displaceable. Here U C W, a neighborhood of M in W, 
and e > are both sufficiently small. 

Let H > Ohe a Hamiltonian as in the statement of Theorem ll.2l Let K : T*S^ — > 
[0, 1] be an autonomous fiber-wise bump function, depending only on the distance 
to the zero section, which is supported in x (— e,e) and such that max/\ = 
-^^Is^xo = 1- Note that K has no non-trivial contractible periodic orbits. 

Consider the Hamiltonian G = H ■ K supported in the displaceable open set 
V. Then G > and G ^ 0. Observe that every contractible periodic orbit of 
the vector field Xq^ = Ht ■ Xk + K ■ Xut with positive action must be of the 
form {u{t), v{t)) X T*S^ , where u{t) is contractible in W and v{t) is constant 
with K{y{t)) = 1, i.e., v{t) is a point on . To see this, note first that v'{t) = 
Ht{u{t)) ■ XK{v{t)) where Xk points in the direction of the angular coordinate. 
The assumption that H > then implies that v{t) G T*S^ can be contractible only 
when v{t) is constant. Since the pair {u{t), v{t)) is contractible, u{t) must also be 
contractible. Furthermore, the action on the orbit {u{t), v{t)) can be positive only 
when v{t) is a point on the zero-section. 

Coming back to the proof of Theorem 1 1.21 note that by the previous observation 
we have S'^{H) = S^{G). Moreover, since (pH is assumed to have isolated fixed 
points with positive action, S~^{H) is separated from zero. Then, S~^{G) is also sep- 
arated from zero and Proposition 14. II applies. Finally, note that T^-periodic orbits 
of ipG from the proposition will correspond to infinitely many simple (contractible) 
periodic orbits of (pH • Q 
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Let us now prove Proposition 14.11 

Proof of Proposition \4-. 1] Note first that, by property (AS7) and the assumption 
that V is displaceable. we have cr(G') < ey < cxo, where ey is the displacement 
energy of V. 

Let G*^ denote the Hamihonian generating lPq. Then, since G > 0, we have G' < 
G*^ whenever I < k. (Here wc arc using the exphcit formula for the Hamiltonian 
generating the composition flow; see, e.g., the proof of (AS7) for this formula.) By 
the monotonicity and non-degeneracy of and the a priori bound on a, we then have 
the following series of inequalities: 

0<(7{G)<cr{G'^)<...<ev 

Assume the contrary: (pc has finitely many (simple) periodic points with positive 
action. Then, for a sufficiently large prime number p, fixed points of (p^ must all 
be p-th iterations of fixed points of (pc- Consequently, iS^((/9q) = pS^^ipc) and, in 
particular, (t(Gp) £ pS~^{ipG)- 

Now observe that it suffices to prove the "moreover" assertion of the proposition. 
For when S^{G) is not separated from zero ipc has infinitely many fixed points and 
hence has infinitely many periodic points. Thus, assume that inf5^(G) > 5 > 
for a sufficiently small 5 > 0. 

Since a{GP) > and cr(GP) e p5+(G), we necessarily have cr(GP) > p ■ S > 0. 
Hence, cr[GP) — > oo as p ^ oo. This contradicts the fact that the selector is a priori 
bounded from above. □ 

Remark 4.2. In fact, we have proved that for any prime number p > ev/5 there 
exists a simple contractiblc p-periodic orbit of G. Furthermore, the number of 
simple (contractible) periodic orbits of ipc with period less than or equal to fc G N 
is at least a constant, depending on ipQ^ times k. This can be seen by applying the 
argument in [ViH Proposition 4.13]. 

4.2. Almost Existence. We will next prove the almost existence theorem. 

Proof of Theorem \1.5\ The assertion follows from Theorem 11.11 and the results 
established in |Schlj . Namely, similarly to the proof of Theorem II. 2[ a suffi- 
ciently small neighborhood of M x S"^ C P x T*S'^ is infinitesimally displace- 
able by the displacement principle for nowhere coisotropic submanifolds. Let V = 
U X {S^ X (—6, e)) C P X r*S'^ be such a neighborhood and let, as before, ey denote 
the displacement energy of V . 

Let us recall the definition of the contractiblc Hofer-Zehnder capacity c'^^.iU) of 
a domain U C P. Denote by H-aziU) the space of compactly supported smooth 
non-negative Hamiltonians H : U ^ R which are constant near their maxima and 
have no non-trivial contractible-in-P fast periodic orbits. The contractible Hofer- 
Zehnder capacity is then defined to be 

Chz (U) = sup {max H\HeHHz{U)}. 

H 

Removing the condition that the orbits are contractiblc in P yields a finer capacity, 
the ordinary Hofer-Zehnder capacity Chz(C^)- Hence, Chz(C^) < c^zi^)- 

As an immediate consequence of the finiteness of ey and the energy-capacity 
inequality established in |Schll Theorem 1.1], we obtain the estimate 

CHz(C/)<c^z(C/)<4ey<oo. 
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In particular, CHz(t^) < oo and the almost existence theorem follows from the 
finiteness of CHz(t^) by the standard arguments; see, e.g., [FGS( [HZ3l IGGj . □ 

Remark 4.3. As we have already mentioned, the displacement energy-capacity 
inequality of [Schlj relies heavily on the work of Lalonde-McDuff and McDuff- 
Slimowitz, [LalMcH IMcDSl] . Let us give a simple proof of Theorem 11.51 for sym- 
plectically aspherical wide manifolds {W, co) using the selector we have constructed 
in Section fS. 2. II 

Recall that using an action selector one can define an invariant, the homological 
capacity ci^om{V), of a domain V C W x T*S^ as follows: 

Chom(^) — sup{<T(iJ) \H : X ^ R, where H > is compactly supported}. 

By definition Chom(^) < oo, provided that the selector is a priori bounded from 
above; for instance, when V is displaceable. In our case, this is guaranteed by 
property (AS7). Furthermore, property (AS5) implies that c^z(^) — Chom(^)- 
Hence, we obtain c^z(^) < oo whenever V is displaceable, and, consequently, the 
almost existence theorem holds for V. An argument similar to the one in the proof 
of Theorem 11.21 finishes the proof. 

It is clear that this proof also works for closed manifolds, albeit using the selector 
constructed in [Sc] . 

4.3. Displacement Principle. The proof of Theorem II. II is essentially identical 
to, if not slightly simpler than, the proof of this statement in the middle-dimensional 
case due to Laudenbach and Sikorav, |LauSi| . Therefore, we will only outline the 
proof of this theorem and refer the reader to [LauSi| for the details of the argument. 

Note that the bundle TM" is isomorphic to the normal bundle to M and hence 
admits a non- vanishing section. To prove Theorem 11.1) it suffices to find a non- 
vanishing section v of TM^ such that dK{v) > along M for some function K 
defined near M. (The Hamiltonian vector field Xk of K would then be nowhere 
tangent to M.) On the other hand, for a fixed v, the existence of such a function 
is guaranteed by a result due to Sullivan, |Su| . whenever v is non-recurrent, i.e., no 
trajectory of v is contained entirely in M. Then the proof of Theorem 1 1.1) similarly 
to the argument in [LauSij . is based on constructing a non-recurrent section of TM". 

Let 5 be a non- vanishing section of TM". A priori this section may be some- 
where tangent to M. The idea is to turn ^ into a non-recurrent vector field by 
killing the recurrence. To this end, let i? C M denote the set of all trajectories of 
^ contained in M. Pick finitely many (mutually) disjoint balls Bi C M in such a 
way that every trajectory of ^ in M intersects the interior of at least one Bi. This 
is possible since M is compact. Denote by B the (disjoint) union of Bi's. 

Next let us modify ^ inside B to make R ~ %. Observe that, if the balls are 
chosen small enough, inside each Bi the vector field ^ is almost tangent to M by 
continuity. Thus, let us choose a normal vector C^i £ TM^ within each Bi and 
add these to ^ using cut-off functions supported in B^'s. The resulting vector field 

V has the desired property. (The real situation is slightly more complicated, for 
actually ^ need not be tangent to M everywhere in Bi and adding C,i to ^ may force 

V to vanish in some Bi. However, Thom's jet transversality theorem guarantees 
that Ci's can be chosen so that they not parallel to ^ in each Bi.) This finishes 
the construction. Let us point out that the essence of assuming M to be nowhere 
coisotropic is now more transparent: in order for ^^'s to exist, some "normal space" 



20 



BA§AK GUREL 



in TAjf" is needed; for instance, this would be impossible if TM" C TM at a point 
in R. 

Now it is easy to see that v is non-recurrent, just as in |LauSi| . 
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